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•  Students	
  will	
  understand	
  problems	
  and	
  
persevere	
  in	
  solving	
  them.	
  

NCTM	
  view	
  of	
  problem	
  solving	
  

•  Problem	
  solving	
  means	
  engaging	
  in	
  a	
  task	
  for	
  which	
  
the	
  soluHon	
  is	
  not	
  known	
  in	
  advance.	
  

•  Good	
  problems	
  give	
  students	
  the	
  chance	
  to	
  solidify	
  
and	
  extend	
  their	
  knowledge	
  and	
  to	
  sHmulate	
  new	
  
learning.	
  Most	
  mathemaHcal	
  concepts	
  can	
  be	
  
introduced	
  through	
  problems	
  based	
  on	
  familiar	
  
experiences	
  coming	
  from	
  students'	
  lives	
  or	
  from	
  
mathemaHcal	
  contexts.	
  

•  Students	
  need	
  to	
  develop	
  a	
  range	
  of	
  strategies	
  for	
  
solving	
  problems,	
  such	
  as	
  using	
  diagrams,	
  looking	
  for	
  
paMerns,	
  or	
  trying	
  special	
  values	
  or	
  cases.	


Example	
  of	
  “problem	
  solving”	
  
worksheet	
  

You	
  are	
  selling	
  ice	
  cream	
  from	
  a	
  cart.	
  You	
  sell	
  ice	
  cream	
  
bars	
  for	
  $0.75	
  per	
  bar.	
  Your	
  cost	
  for	
  the	
  ice	
  cream	
  is	
  $0.30	
  
per	
  bar,	
  and	
  your	
  cost	
  for	
  the	
  rental	
  of	
  the	
  cart	
  is	
  $50.	
  

a)  In	
  a	
  formula,	
  express	
  your	
  total	
  cost	
  C	
  as	
  a	
  funcHon	
  of	
  the	
  
number	
  n	
  of	
  ice	
  cream	
  bars	
  sold.	
  On	
  graph	
  paper,	
  graph	
  C	
  
leaving	
  room	
  for	
  negaHve	
  values	
  on	
  the	
  y-­‐axis.	
  

b)  Express	
  the	
  revenue	
  R	
  generated	
  by	
  the	
  sale	
  of	
  ice	
  cream	
  bars	
  
as	
  a	
  funcHon	
  of	
  the	
  number	
  n	
  sold.	
  Graph	
  on	
  the	
  same	
  graph	
  
as	
  in	
  a.	
  

c)  Express	
  the	
  profit	
  P	
  generated	
  by	
  the	
  sale	
  of	
  ice	
  cream	
  bars	
  as	
  
a	
  funcHon	
  for	
  the	
  number	
  n	
  sold.	
  Graph	
  P	
  on	
  the	
  same	
  graph	
  as	
  
in	
  a	
  and	
  b.	
  

d)  Find	
  the	
  break	
  even	
  point	
  graphically	
  and	
  algebraically.	
  

What	
  does	
  a	
  Common	
  Core	
  classroom	
  
look	
  like?	
  

•  Level	
  1:	
  Teachers	
  can	
  tell	
  students	
  important	
  basic	
  
ideas	
  of	
  mathemaHcs	
  such	
  as	
  facts,	
  concepts,	
  and	
  
procedures.	
  

•  Level	
  2:	
  Teachers	
  can	
  explain	
  the	
  meanings	
  and	
  
reasons	
  of	
  the	
  important	
  basic	
  ideas	
  of	
  mathemaHcs	
  
in	
  order	
  for	
  students	
  to	
  understand	
  them.	
  

•  Level	
  3:	
  Teachers	
  can	
  provide	
  students	
  opportuniHes	
  
to	
  understand	
  these	
  basic	
  ideas,	
  and	
  support	
  their	
  
learning	
  so	
  that	
  the	
  students	
  become	
  independent	
  
learners.	
  

Teaching	
  through	
  Problem	
  Solving	
  



8/29/14	
  

2	
  

An	
  example	
  from	
  Japanese	
  textbook,	
  
grade	
  5	
  

When the people 
who were close 
together spread out...

1

1

W
hich is m

ore crow
ded?

Investigate how to order cages A, B, C, and D according to 

how crowded they are.

To compare crowdedness, what quantities do we need to know?

Let’s investigate how to compare crowdedness.

Per Unit Quantity2

Some are more  
crowded than others.

There are four rabbit cages, A, B, C, and D.

The most 
crowded one is...

The least 
crowded one is...

A

D

B C

Shinji

Takumi Kaori

A B C D

Rabbit Field

92 93
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The least 
crowded one is...

A

D

B C

Shinji

Takumi Kaori

A B C D

Rabbit Field
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94 95

Area of Cage and Number of Rabbits

Area（ ） Number of rabbits

Which rabbit cage is more 

crowded, A or B?
2

Since A and B 
have the same 
area...Yumi

Which rabbit cage is more 

crowded, B or C?
3

Order the cages A, C, and D based on how crowded they each are.4

Both the areas and 
the numbers of 
rabbits are different. Kaori

If one of them are the same, ...

Shinji

① Which rabbit cage is more crowded, A or C?

Hiroki

…
（rabbits）

…
（rabbits）

Miho

 is more crowded.

… （ ）
… （ ）If you can't divide 

completely, round to the 
second highest place.

② Which rabbit cage is more crowded, C or D?

Which idea is easiest to use when comparing the crowdedness of cages A, 

C, and D together?
5

Using a common 
multiple becomes more 
difficult when you have 
to compare many cases.

Yumi

If you make the 
area or the number 
of rabbits , even 
when there are 
many cases...

Takumi

Crowdedness is usually expressed by the 
quantity in . The more crowded something 
is, the larger this quantity becomes, right?

To compare crowdedness, it is useful to find the average number 

of rabbits in  or the average area for  rabbit.

A quantity expressed in this way is called "per unit quantity."

  There are two swimming pools 

near Aya’s house.

  Compare the crowdedness of 

these pools.

2 Area of Pools and Number of Children

Area（ ） Children

  We found the areas and the 

number of people in cabins.

  Compare the crowdedness of 

these cabins.

1

Even if the rabbits were 
gathered in one place, by 
evening them out, we can 
still compare using the area 
and the number of rabbits, 
can't we?

A B

B
C

Shinji

Area of Cabins and Number of People

Area（ ） People
… （rabbits）
… （rabbits）

 is more crowded.

Compare based on the amount of 
space for each rabbit.

Compare based on the number of 
rabbits in .

Make the area the same by 
using a common multiple 
of  and , .

 is more crowded.

If	
  the	
  areas	
  are	
  the	
  same	
  or	
  the	
  numbers	
  of	
  rabbits	
  
are	
  the	
  same,	
  it	
  is	
  easy	
  to	
  compare.	
  
	
  
What	
  about	
  A	
  vs	
  C?	
  

Compare	
  A	
  vs	
  C	
  
•  Student	
  1:	
  
A:	
  9x5	
  =	
  45	
  
C:	
  8x6	
  =	
  48	
  

•  Student	
  2:	
  
A:	
  9÷6	
  =	
  1.5	
  
C:	
  8÷5	
  =	
  1.6	
  

•  Student	
  3:	
  
A:	
  6÷9	
  =	
  .66…	
  
C:	
  5÷8	
  =	
  .625	
  

94 95

Area of Cage and Number of Rabbits

Area（ ） Number of rabbits

Which rabbit cage is more 

crowded, A or B?
2

Since A and B 
have the same 
area...Yumi

Which rabbit cage is more 

crowded, B or C?
3

Order the cages A, C, and D based on how crowded they each are.4

Both the areas and 
the numbers of 
rabbits are different. Kaori

If one of them are the same, ...

Shinji

① Which rabbit cage is more crowded, A or C?

Hiroki

…
（rabbits）

…
（rabbits）

Miho

 is more crowded.

… （ ）
… （ ）If you can't divide 

completely, round to the 
second highest place.

② Which rabbit cage is more crowded, C or D?

Which idea is easiest to use when comparing the crowdedness of cages A, 

C, and D together?
5

Using a common 
multiple becomes more 
difficult when you have 
to compare many cases.

Yumi

If you make the 
area or the number 
of rabbits , even 
when there are 
many cases...

Takumi

Crowdedness is usually expressed by the 
quantity in . The more crowded something 
is, the larger this quantity becomes, right?

To compare crowdedness, it is useful to find the average number 

of rabbits in  or the average area for  rabbit.

A quantity expressed in this way is called "per unit quantity."

  There are two swimming pools 

near Aya’s house.

  Compare the crowdedness of 

these pools.

2 Area of Pools and Number of Children

Area（ ） Children

  We found the areas and the 

number of people in cabins.

  Compare the crowdedness of 

these cabins.

1

Even if the rabbits were 
gathered in one place, by 
evening them out, we can 
still compare using the area 
and the number of rabbits, 
can't we?

A B

B
C

Shinji

Area of Cabins and Number of People

Area（ ） People
… （rabbits）
… （rabbits）

 is more crowded.

Compare based on the amount of 
space for each rabbit.

Compare based on the number of 
rabbits in .

Make the area the same by 
using a common multiple 
of  and , .

 is more crowded.

(rabbits	
  per	
  30	
  m2)	
  

(rabbits	
  per	
  1	
  m2)	
  

(m2	
  per	
  1	
  rabbit)	
  

New	
  mathemaHcs:	
  You	
  can	
  divide	
  to	
  get	
  “per	
  unit	
  
quanHHes”,	
  which	
  make	
  it	
  easy	
  to	
  compare.	
  

Teaching	
  through	
  Problem	
  Solving	
   Jones	
  research	
  lesson	
  

•  Grade	
  11	
  students	
  using	
  IMP	
  
•  Understand	
  derivaHve	
  of	
  funcHon	
  as	
  slope	
  of	
  
tangent	
  line	
  of	
  graph	
  

•  Determine	
  derivaHve	
  qualitaHvely	
  (pos,	
  neg,	
  
zero)	
  

•  Have	
  gone	
  “backwards”,	
  sketching	
  graph	
  of	
  fn	
  
given	
  info	
  about	
  where	
  derivaHve	
  is	
  pos,	
  neg,	
  
zero	
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•  Lesson	
  goal:	
  Strengthen	
  students	
  
understanding	
  of	
  the	
  relaHonship	
  between	
  
the	
  graph	
  of	
  a	
  funcHon	
  and	
  the	
  graph	
  of	
  its	
  
derivaHve	
  by	
  having	
  students	
  work	
  
“backwards”—determining	
  the	
  shape	
  of	
  the	
  
graph	
  of	
  a	
  funcHon	
  from	
  the	
  graph	
  of	
  the	
  
derivaHve.	
  

Warm-­‐up	
  NAME______________________________________________________GROUP_______________ 
JCP Lesson Study:  October 24, 2008 
Please record your notes and thoughts on this sheet. 
 
Sketch a graph of a function f(x) that fits all of these conditions. 
 

x f '(x) 

1 Negative 

2 0 

3 Positive 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Main	
  problem	
  
NAME______________________________________________________GROUP_______________ 
JCP Lesson Study:  October 24, 2008 
Please record your notes and thoughts on this sheet. 
 
Sketch a graph of a function f(x) that fits all of these conditions. 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

     

f '(x) 

      1               2          3 
x 

2nd	
  problem	
  (assessment)	
  
NAME______________________________________________________GROUP_______________ 
JCP Lesson Study:  October 24, 2008 
Please record your notes and thoughts on this sheet. 
 
Sketch a graph of a function f(x) that fits all of these conditions. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(show	
  videos)	
  

hMp://hrd.apec.org/index.php/
InterpreHng_the_Graph_of_the_DerivaHve_of_
a_FuncHon	
  

How	
  does	
  one	
  learn	
  to	
  teach	
  like	
  this?	
  

This	
  doesn’t	
  work:	
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Challenges	
  

•  Textbooks	
  are	
  typically	
  wriMen	
  to	
  support	
  
level	
  2	
  teaching	
  (at	
  best).	
  	
  

•  Difficult	
  to	
  come	
  up	
  with	
  suitable	
  problems.	
  
•  Students	
  expect	
  level	
  2	
  teaching.	
  
•  It’s	
  hard	
  to	
  do!	
  

Use	
  Lesson	
  Study	
  to	
  overcome	
  the	
  
challenges	
  

Work	
  with	
  2-­‐5	
  colleagues:	
  
1.  Select	
  a	
  troublesome	
  unit	
  topic	
  
2.  Research	
  the	
  topic—look	
  at	
  different	
  curricula	
  
3.  Plan	
  a	
  unit	
  based	
  on	
  research	
  
4.  Carefully	
  plan	
  one	
  lesson	
  within	
  the	
  unit	
  to	
  be	
  a	
  

“teaching	
  through	
  problem	
  solving”	
  lesson.	
  An	
  
experiment!	
  

5.  One	
  teacher	
  teaches,	
  the	
  others	
  observe:	
  	
  
What	
  is	
  the	
  impact	
  of	
  OUR	
  lesson	
  on	
  the	
  students?	
  

6.  Aoer	
  the	
  lesson,	
  discuss	
  what	
  worked	
  or	
  not,	
  seek	
  
ideas	
  for	
  future	
  lessons.	
  

Please	
  let	
  us	
  help!	
  

•  Lesson	
  Study	
  Alliance	
  
773-­‐888-­‐3404	
  
Tom	
  McDougal	
  
<TFMcDougal@LSAlliance.org>	
  


